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THE NOTION OF COMPLEXITY

by

W. A. Beyer, M. L. Stein, and S. M. Ulam

ABSTRACT

The notion of the arithmetic complexity |n| of an integer n
is defined in terms of the minimum number of additions,
multiplications, and exponentiations required to combine
1's to form n. The value of |n| 1s calculated for n < 2+U,
n is called complicated if |n| > |n;| for every n; < n.

Of the first 19 complicated numbers, 14 are prime. A con-
jecture about a relation between complexity and entropy is
proposed. Some computations are presented to support this

conjecture.

I. INTRODUCTION

In this report we discuss notions of complex-
ity in some algebraic structures. These notions
are also applicable to more general combinatorial
situations that perhaps lack any algebraic pattern
in the classical sense. We concentrate on a few
special cases for which we studied and calculated
a special notion of complexity. Essentially, we
examined a special notion of complexity for ordinary
integers with a little excursion on such a notion
for integers modulo a prime.

The notion of complexity, in our view, is
separate, though associated with the idea of the

amount of information or entropy of a system. We

mention briefly a possible axiomatic approach to
defining a real number called complexity for ele-

ments of a set or of a class on which certain oper-

ations are performed. These could be binary opera-

tions; our set could be a set of integers, and the
operations could be addition, multiplication, and
exponentiation, for example. It is this case that
was examined on a computing machine and toc which
most of this report is devoted.

Another case would be a class of subsets of a
given set, with allowed operations being the

Boolean operations of union and intersection or

union and complementation. One could add other

operations, for example, the direct product of sets
and also projection. This would correspond to
allowing quantifiers in our theory. One can study
a notion of complexity for vectors in a countable
space or even in the continuum. An important study
would be that of a relative complexity; that is to
say, complexity of elements or "expressions" when
the complexity of certain symbols is normalized to
1. In what has been sometimes called “speculation"
on constants in physical theories, for example, the
whole art seems to depend on the success of at-
tempts to define some known important numbers, e.g.,

the dimensionless ratios

Mproton/Melectron = 1836.11...

and

ez/hc = 137.1...

by use of only a few artificially introduced con-
stants which should be as "simple'" as possible.
(cf. the attempts by Eddingtonl and some very re-
cent ones by Good2 and Wyler.3)

Considered '"genetically," a mathematical
theory resembles a tree in that one obtains from a

given number of symbols corresponding to "variables"



and from a number of allowed operations, expressions
that elongate by branching. The simplifications
and abbreviations may then reduce the length of the
expressions.

One could try to define complexity in a math-
ematical structure by postulating certain of its
properties, somewhat like postulating properties of
a measure,

Let the structure, S, consist of elements x,
¥, «+.. It may be finite or infinite. We have in
the set S a number of, say, binary operations Rl,
R2, ‘e Rn' We want to assign a number c(x) # 0 to

each element x of S and to each Ri (i=1...n) so

that the following properties should hold.

a, If z = Ri(x,y), then c(z) = c(Ri(x,y))
€ c(x) + c(y) + C(Ri) i=1...n.
b. For each element z, if z = Rj(x,y), we

should have for one case at least,

c(z) = c(x) + c(y) + c(RJ.).

C. z(xo) - z(xl) = ... z(xn) for some pre-

assigned elements Xg v X e

Needless to say, one can define analogous desiderata
for the case in which the operations are more gen-
eral than binary ones.

Obviously, in the case to which our exercise
is devoted, these postulates are satisfied. More-
over, they define the complexity uniquely if, as
must be the case in general, the complexity was
normalized for some elements. (In our case, we as-
sume the complexity of the integer 0 to be equal to
1. We hope to study this notion more thoroughly
for the more general case and also to perform ex-
periments to determine complexity functions for the
case in which S is a class of sets) Ultimately,
one would wish to discuss the complexity of genetic
codes and biological organisms quantitatively.

("Integer" always means a positive integer.)
II. ARITHMETIC COMPLEXITY OF INTEGERS

The arithmetic complexity Inl of an integer n
is defined as the fewest number of operators: +, x,
xx (addition, multiplication, and exponentiation)
which combine 1's to form n. Thus, [1] = 0; [2]| =
1 since 2 = 1 + 1; and ISI =4 since 5 = (1 + 1)xx
(1 + 1) + 1 and not fewer than four operators with
1's will form five. Obviously, for a and b inte-

gers, [a + bl, ]ab], and]abl are each not more than

la[ + |b| + 1. For an infinity of integers n, the
relation |n + 1| = [n| + 1 holds.

For the purpose of calculating the complexity
of some integers, all correct formulas (up to some
number of operators) involving +, x, xx, and the
number 1 were enumerated using parenthesis-free
notation on a computer. It required one hour of
computer time to enumerate the integers with com-
plexity € 6, Ralph Cooper made the following ob-
servation. Each correct formula involving n (> 0)
operators is the composition of two formulas, one
formula with n, operators and one formula with n

operators suchlthat n=n, + n, + 1. One generaies
the integers of complexity n by first generating
tables of integers of complexity < n. One parti-
tions n - 1 into ny + n, in all ways and combines

the integers of complexity n., with the integers of

complexity n, to produce intigers of complexity not
larger than n. This method is considerably more
efficient than the previous method. Table I lists
the complexity of all integers < 210.

From the above construction, one sees that
an upper bound ll(k) to 2(k), the number of inte-

gers of complexity k, is given by the solution of

k
1 1 1
R7°(k + 1) = 27 (1) 2k - 3)
:E::j=o

with 21(0) = 1. The solution to this equation is

2K
1 ( -k
270k -kil )2 ’
k

which implies that

given by

k
20 < 2— + o(zk k'5/2).
kvTk

Two additional forms of complexity have been

considered and calculated.

a. Complement complexity. To make complexity sym-

metric in 0's and 1's, we introduce a slightly
different complexity, the complement complexity
i(yln). Define the complement operation C by
C(xln) =2 -1 - x. i(y]n) is defined as the
fewest operations of addition, multiplicationm,
exponentiation, and complementation that combine

1's to form y. In the count of operations, the

"




Complexity Integer
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h22
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TABLE 1. COMPLEXITY OF INTEGERS < 27 .

23 2 32 36 (1) 8y 2546 512
20 H 26 29 33 b4 (3 5% 65

38 Ld 50 5% 56 L1 72 63 104
514 625 730 78k 4000

L0 k5 51 52 57 58 67 13 T4
166 169 192 196 200 218 225 248 250
676 731 768 78S 8%\ 1004

53 59 60 (%] 68 76 78 80 85
132 135 146 VLT 165 166 170 193 9
29% 300 326 3k$5 362 375 38k KO 43)
686 732 769 TTV 784 &8k2 900 1002

69 70 7 19 86 83 89 91 104
1640 167 168 171 180 185 19k 198 203
265 270 292 30y 303 320 327 328 33}
kk2 450 k85 489 490 500 8517 518 520
722 733 170 772 77k 187 800 8k3 S6a

105 106 195 117 148 119 120 137 14t
185 190 199 208 206 208 221 222 228
294 296 297 302 30k 306 J2t 329 330
386 388 390 393 39 403 hkOk kO6 10
505 507 519 522 528 530 539 567 581
689 690 723 72k 738 735 737 738 750
868 870 882 902 962 968 973 9Tk 95

155 157 t58 159 173 177 178 182 1dé
268 273 27k 275 281 28x% 295 298 308
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&R0 Akk  AN9 L53 A5k k55 L60 W6k k76
531 537 530 Shs 5ab 3568 57 583 K
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18 188 210 2%2 230 236 237 238 2k
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k56 481 862 W65 468 kT2 k75 k77T A8O
5k2 5h5 549 550 560 561 566 569 LTS
637 642 6h6 658 660 665 666 672 68)
727 728 Tk0 7kt Ts6  7a8 I5h 755 758
809 812 815 Ate¢ 821 825 830 832 833
90x 910 918 92k 925 928 936 960 96

277 278 2387 311 313 31k N7 318 ISk
829 W6 kA7 L57 A58 w63 k66 w69 u70
562 570 596 597 599 613 61k 615 616
663 667 668 670 673 &7% 683 695 696
T8 766 782 796 198 807 813 834y 817
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955



first three are given the value 1 and the last
is given the value zero. Thus E(y]n) =

—i(Zn -1- y]n). Table II gives the values of
E(yln) for y < 210 and n = 10.

b. Modulo a prime p complexity. In addition to

the operations of +, x, and xx, the operation
of mod 1is allowed and is defined by modp(x) =
x - plx/pl where p is a fixed prime and [] de-~
notes the greatest integer. Table III gives
the modulo prime p = 137 complexity for inte-
gers < 137. Table IV gives the modulo prime

p = 1009 complexity for integers < 1009.

III. COMPLICATED NUMBERS

One defines n to be a complicated number if
fn| > |ny| for every ny < n. The complicated num-
vers < 210 are 1, 2, 3, 4, 5, 7, 11, 13, 21, 23,
41, 43, 71, 94, 139, 211, 215, 431, and 863.
(Those underlined are also prime.) Obviously,
there are an infinity of complicated numbers. We
propose the following conjectures.

a. There exists K such that all complicated

numbers Kl > K are prime.

b. Every sufficiently large integer n is the

sum of k < log n complicated integers.

c. There exists c such that every sufficiently
large n satisfies |n| < c + /Iog .

IV. COMPLEXITY AND ENTROPY

455 has introduced the notion of com-

Kolmogorov
plexity of a finite string over a given alphabet.
For simplicity, suppose the alphabet to be {0,1}.
Let A be an algorithm that transforms finite binary
sequences into binary sequences. By an algorithm
is meant any of the various equivalent concepts
used in logic. For a binary string x, one defines

the complexity by

min 2(p)

K,(x) =
A A(p)=x

-

if no p exists such that A(p) = x,

where £(p) denotes the length of the binary string
p. Analogously, one defines conditional complexity.

Let A(p,x) be an algorithm defined from pairs of
binary strings to binary strings. Put

KA(YIX)_ min 2(p)
A(p,x)=y

if no p exists such that A(p,x) = y.

KA(ylx) is called the conditional complexity of y
with respect to x. Kolmogorov regards complexity
as analogous to entropy. We make the following con-
jecture.

Conjecture. Let a discrete binary informa-
tion source S in the sense of Shannon6 be given
with entropy H = ~p log p - (1 -p) log (1-p) where
probability (0) = p and probability (1) = 1 -p;
0<p<1l. Let {xl, Xys vees x2n} be the set of
all binary strings of length n arranged in order

of decreasing probability. Let k(n) be the least
k(n)

integer so that E prob (xi) > r where 1/2 <
j=1

r < 1. Then asymptotically for large n,

1 k(n)

B
H k(n) 5=1

KA(xi[n). (1)

(In Eq. (1), KA should be normalized so that when
p =1/2,

In other words, the most likely sequences from A
have complexity approximately equal to the entropy
of S.

In order to test the conjecture expressed in
Eq. (1), we replaced KA(xi|n) by XE(y]n), where A
is selected so that when p = 1/2,

k(n)
1 —
iz;s E -1 AK(xi]n) =1,

Graphs of Hl =-plogp-(1-p)log (1 -p)and

1 R
R, = ey Zi-l AK(xiln)

when n = 10 and r = .75 are shown in Fig. 1
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TABLE III.

Complexity Integer

4 1
1 2
H 3
3 k
L} 5 6 8 9
B ? 10 14 27
¢ 1 12 17 16 25 28 32 36 6%
7 13 1k 1$ 19 20 24y 26 29 33
102 106 120 122 125 128
L] 21 22 30 3% 38 I us L8 51
83 A8 ¥3 99 103 107 109 117 118
9 23 31 3 39 30 ke 16 87 52
L1 a7 09 9 94 98 tobh 108 110
10 o w3 M 85 86 90 95 97 105
1" 94

V. COMPLEXITY OF N-TUPLES OF INTEGERS

Macijasevig7

theorem.

has proved the following
There exists a fifth-degree polynomial
Q(yl, cees yk; z) with integer coefficients such
that any enumerable set m of natural numbers (for

example, the set of prime numbers) coincides with

the set of natural values of the polynomial

Q(yl, ey yk; am) where a, is a certain number ef-

fectively constructed for the set m,

From the

result, it follows that if one could discuss complex-

ity of n-tuples of integers, then one could discuss

the complexity of enumerable sets of natural numbers

by equating such complexity to the complexity of the

associated polynomial Q.
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Fig.

1. Comparison of entropy Hl = - Z Py log p;
and complement complexity H2 as defined

and discussed in text.
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